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ABSTRACT 

The migration and deposition of submicron particles in laminar crossflow micro- 
filtration is simulated by integrating the Langevin equation. The effects of operat- 
ing conditions on the particle trajectories are discussed. It is found that the Brown- 
ian motion of particles plays an important role in particle migration under a smaller 
crossflow velocity of suspension or a smaller filtration rate. Based on the simulated 
trajectories of particles, the transported flux of particles amving at the membrane 
surface can be estimated. The particle flux increases with an increase of filtration 
rate and with a decrease of particle diameter; however, the effect of crossflow 
velocity on the particle flux is not obvious. The forces exerted on particles are 
analyzed to estimate the probability of particle deposition on the membrane sur- 
face. The probability of particle deposition increases with an increase of filtration 
rate, with a decrease of crossflow velocity, with a decrease of particle diameter, 
or with an increase of zeta potential on the particle surfaces. The simulated results 
of packing structures of particles on the membrane surface at the initial stage of 
filtration show that a looser packing can be found under a larger crossflow velocity, 
a smaller filtration rate, or a smaller diameter of filtered particles. Crossflow micro- 
filtration experiments are carried out to demonstrate the reliability of the proposed 
theory. The deviation between the predicted and experimental data of filtration 
rate at the initial period of filtration is less than 10% when the Reynolds number 
of the suspension flow ranges from 100 to 500. 
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INTRODUCTION 

Crossflow microfiltration is increasingly used in many industries for 
separation of submicron particles from liquids. The performance of a filtra- 
tion is determined by several major factors, such as the Brownian motion 
of particles, electrostatic interaction between particles, and hydrodynam- 
ics, etc., but this complex course has not yet been well investigated. 

Various polarization models have been proposed to describe the phe- 
nomena of concentration polarization and physical fouling in ultrafiltration 
(1). At steady state, the particle flux convected toward the filter membrane 
was balanced by that diffused away from the membrane. However, the 
predicted flux for micron-sized particles was found to be one or more 
orders of magnitude less than those of experimental data if the 
Stokes-Einstein relationship was used as the Brownian diffusivity. Green 
and Belfort (2) referred to this discrepancy as the “flux paradox for colloi- 
dal suspensions.” To resolve this, Zydney and Colton (3) proposed that 
the concentration polarization model could be applied to microfiltration 
of micron-sized and larger particles if the Brownian diffusivity was re- 
placed by the shear-induced hydrodynamic diffusivity. 

For the crossflow filtration of particles with a diameter of 0.1-10 pm, 
the resistance of the formed filter cake will play the major role in the 
performance of filtration. Since the cake resistance is mainly determined 
by the amount and the structure of the filter cake, to understand how the 
particles migrate and arrive at the membrane surface and what structure 
will be constructed are the essential steps in grasping the problem of fil- 
tration. 

For crossflow filtration of micron particles, Altena and Belfort (4) used 
the hydrodynamic model to analyze the flow field of fluid and the trajecto- 
ries of particles in a crossflow filter. The concentration profile and the 
transport flux of particles arriving at the membrane surface can then be 
calculated accordingly. On the other hand, the selective deposition of 
particles in crossflow filtrations has been discussed ( 5 , 6 ) .  Whether or not 
a particle arriving at the membrane surface can deposit stably is deter- 
mined by the external forces exerted on it. By using a force balance model, 
Lu and Hwang (7) calculated the critical angle of friction between micron 
particles staying on the cake surface in a crossflow filtration system. The 
critical value of the frictional angle can be used for predicting the probabil- 
ity of particle deposition and for simulating the packing structure of parti- 
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SUBMICRON PARTICLES IN CROSSFLOW MICROFILTRATION 2725 

cles on the cake surface by using their proposed model. However, the 
effects of the Brownian motion of particles and the interactions of particles 
were not considered in these previous research efforts. 

The Brownian dynamic simulation method has been well used to simu- 
late the migration of colloids in a flowing system. The particle trajectories 
can be traced by using Newton's second law of motion. Ansell and Dickin- 
son (8) discussed the effects of colloidal and hydrodynamic interaction 
between particles on the sediment structure by using this method. They 
concluded that a more compact structure of sediment was constructed 
if Brownian motion of particles was considered. Recently, Ansell and 
Dickinson (9, 10) extended the method of Brownian dynamic simulation 
to study the kinetics of colloidal coagulation in a simple shear flow. This 
method has also been used to study how aerosol deposits onto a spherical 
collector (1 1). In recent years, Lu et al. (12) simulated the structures of 
filter cake formed in constant pressure cake filtrations by using the Brown- 
ian dynamic simulation method. Analyses of the effects of Brownian mo- 
tion, frictional force, van der Waals force, and electrostatic force on the 
cake structure revealed that the most compact cake was formed when the 
frictional drag and Brownian force are of the same order of magnitude. 

In this article a numerical program based on the Langevin equation is 
designed to trace the loci of submicron particles in crossflow microfiltra- 
tion. The deposition of particles on the filter medium is also simulated by 
using force balance on particles. The porosity of the packed structure at 
the initial stage of filtration can then be estimated accordingly. 

SIMULATION METHOD 

Trajectories of Particles in Filter 

Figure 1 shows the phenomenon of particle migration in a two-parallel- 
'plate crossflow microfilter and defines the coordinates used in this analy- 
sis. For an incompressible spherical particle, the Langevin equation of 
motion can be written as 

( 1 )  

where m,, is the mass of the particle, up is the velocity of the particle, 
t is time, and Fdr Fgr F,, Fi, and FB are the frictional drag, net gravity, 
inertial lift force, net interparticle force, and Brownian force, respectively. 
Each term in the above equation should be analyzed prior to obtaining 
the instantaneous velocity of the particle or to estimating the displacement 
of the particle in a time increment. 
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H 

4 
4 4 4-4-4-4-4-4 

filtrate 

FIG. 1 A schematic diagram of the crossflow microfilter. 

Drag Due to Fluid Flow, Fd 

The frictional drag exerted on a spherical particle is determined by the 
local flow field of fluid and can be divided into two components whose 
directions are either parallel or vertical to the crossflow of suspension. 

Fdx. If the deviation between the velocities of fluid and the particles 
is very small, the drag exerted on a particle in the x-direction can be 
estimated by Stokes’ law, that is, 

(2) 

where dp is the diameter of the particle while u, and up, are the velocities 
of fluid and the particle in the x-direction, respectively. Since the Reynolds 
number of permeating flow is very small for most crossflow microfiltra- 
tions, the variation of crossflow velocity can be neglected. Therefore, the 
fully developed profile of u, is parabolic for a laminar crossflow and can 
be given by 

F d x  = 3npdp(ux - Vpx) 

where us is the average crossflow velocity at the inlet of the filter. 

be expressed as 
Fdy. The frictional drag exerted on the particle in the y-direction can 

(4) 

where 4 is the correction factor for a permeating boundary. If the location 
of the particle is very near the formed cake or the filter medium, the value 

F d y  = 3 n d p ( u y  - npy)+ 
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of+ can be estimated by the results of Sherwood (13). Since the Reynolds 
number of permeating flow is very small, the variation of uy in the x- 
direction can be neglected, and the fully developed profile of uy can be 
given by the perturbation method (14), that is, 

uy = q[1.5(1 - 9) - 0.5 (1 - 

where q is the quasi-stationary filtration rate. 

Inertial Lift Force 

of a particle can be given by 
Extending the results of Vasseur and Cox (15), the inertial lift velocity 

where T~ is the shear stress acting on the wall of the filter, while u is the 
kinematic viscosity of fluid. 

Net Gravity Force, Fg 

The net gravity force exerted on a submerged particle can be given by 

(7) 
I7 

Fg = 6 ( P s  - P)& 

Interparticle Force, F, 

The DLVO theory is adopted for estimating the interparticle forces in 
this study. This theory concluded that there are two major long-range 
colloidal interactions, such as electrostatic force, F, ,  and van der Waals 
force, F,, between two approaching particles, and that the net interparticle 
force can be given by summing these forces as 

Fi = F,  + Fe (8) 
In this study the contributions from neighboring particles are added on 
the basis of linear superposition. These forces are analyzed below. 

Wan der Wads Force. Considering two equal-sized neighboring par- 
ticles with radius a ,  the van der Waals potential between them can be 
estimated from (16) 
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2728 HWANG, YU, AND LU 

where AH is the Hamaker constant, D is the shortest distance between 
the particle surfaces, A is the characteristic wavelength for the interaction 
which is often assumed to be about 100 nm (16), and the constant b is 
equal to 5.32 if D is smaller than a (16). 

The van der Waals force between two spherical particles can then be 
calculated by 

Electrostatic Force. ( i )  The thickness of the electric double layer is 
much smaller than a .  

For low surface potentials, the repulsive electric energy between equal- 
sized particles with radius a under the condition of constant surface charge 
is given by (17) 

(11) 

where eo (=  8.85 x C2.J-' .m-')  is the absolute permittivity of 
free space, e,  is the dielectric constant of the fluid between particles, q0 
is the Stern potential, and K is the reciprocal of the thickness of the double 
layer. 

( i i )  The thickness of the electric double layer is much larger than a. 
The repulsive electrostatic energy between equal-sized particles can be 
given as (17) 

V, = - 2neoepq\Ya In[l - exp( - KD)] 

Then Eq. (1 1) or (12) can be differentiated with respect to D to obtain the 
electrostatic force between two equal-sized spherical particles. In general, 
the value of qo cannot be measured from experiments. The measurable 
value, the zeta potential, <, has thus been the most widely used. As the 
values of [, e, ,  K, and D are known, the value of electrostatic force, F,, 
can be estimated. 

Once the values of F, and F, are obtained, Fi can be calculated from 
Eq. (8). 

Brownian Force, Fe 

fluid molecules and can be expressed as 
FB is a random force due to particle collisions with the surrounding 

FB = mpA(t)  (13) 

where A ( t )  is the Brownian random force exerted on per unit mass of the 
particle, and it follows a Gaussian distribution. Therefore, a sequence of 
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SUBMICRON PARTICLES IN CROSSFLOW MICROFILTRATION 2729 

random numbers with Gaussian distribution can be generated by a com- 
puter to determine F B .  

By defining the following dimensionless variables, 

the equation of motion, Eq. (l), can be rearranged as 

d2r* 1 dr* d P  

dr*2 C1 dt US 
- + -7 = F(x*, y*) + ?A(t) 

-+ - 
where r* (= x* i + y* j ) is the position vector of the particle, and - - 

F(x*, y*) = F,* i + Fy* j 

in which 

and Fi.x and Fi.y are the x-component and y-component of the net interpar- 
ticle force, respectively. By multiplying exp(t*/CI) for each term and inte- 
grating Eq. (15) once from r* = 0 to r* = r*, an expression for velocity 
can be obtained as 

u* - u8 exp( - t*/C1) = exp( - t*/CI) F(x*, y*) exp(dCl)dT lb' 
I:' dP + 7 eXp( - t*/Ci) A(T)  eXp(dC1)dT (16) 

us 

where Z J ~  ( = zdu,) is the dimensionless velocity of the particle at t = 0. 
If the time increment is small enough such that the force F(x*,  y*) remains 
constant in the time interval, the above equation can be integrated once 
again to obtain the particle displacement as 

r* - ro* - Cluo*[l - exp(-t*/C,)] = CIF(x*, y*){t* - C1[l - exp 

dpCl I* 
. (-t*/C,)l)  + lo A ( T ) { ~  - exp[-(t* - T ) / C ~ I } ~ T  (17) 
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2730 HWANG, YU, AND LU 

where ro is the initial particle position. According to the analysis of Gupta 
and Peter (1 l), the integration 

r- f* 

and 

R2(t*) = ~ o f * A ( 7 ) { l  - eXp[-(f* - T)/C]]}dT (19) 

follow a bivariate Gaussian distribution with the following statistical prop- 
erties: 

E[Rl(t*)I = E[R2( f* ) ]  = 0 (20) 
3kT 

E[Rdt*)Rdt*)l  = C1 - [ I  - exp(-r*/C1)I2 (21) m 

Therefore, the velocities and trajectories of particles in the crossflow mi- 
crofilter can be simulated in accord with Eqs. (16) and (17). 

Particle Flux Arriving at Filter Membrane 

Since the filtration rate is far slower than the crossflow velocity for 
most microfiltrations, only those particles whose initial locations are very 
near the membrane surface can be transported to the membrane surface 
before they leave the filter. The notation Yb is defined as the coordinate 
of entering particles below which particles will be transported to the mem- 
brane surface. For a given operating condition, the value of Yb can be 
obtained by guessing it from the membrane surface and proceeding with 
the above simulation until particles cannot be transported to the mem- 
brane surface. Therefore, the transport flux of particles arriving at the 
membrane surface can be estimated by 

where Co is the concentration of suspension. In this study, the profile of 
Co is assumed to be uniform in the inlet of the filter. 
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Deposition of Particles on Filter Membrane 

During a course of crossflow filtration, particles are transported, arrive 
at the surface of the membrane, and deposit to form a filter cake or a 
concentration polarization layer flowing near the membrane. Whether a 
particle can deposit stably or not is determined by the forces exerted on 
the particle. Figure 2 depicts a filtration system near a filter membrane, 
where Particle B is a metastable particle while Particle A is a particle just 
arriving at the cake surface that comes into contact with Particle B. Each 
force or drag exerted on the particle has been analyzed in the previous 
section. The notations F1 and F2 shown in the figure are the components 
of the net force whose directions are vertical and parallel to the line con- 
necting with the gravity centers of the particles, respectively. In this study 
the force analysis for the particles are adopted to determine whether a 
particle will deposit on the touched point or migrate to another stable 
position. The modes of particle migration are discussed below. 

Drag Force Far Larger Than Interparticle Force 

In the case the drag force is dominant and exceeds the maximum repul- 
sive force between the particles, which causes Particle A to nearly touch 

cross-flow of suspension 

filter membrane - ------ 

1 1 1 1 1 1  
filtrate 

FIG. 2 Forces exerted on a depositing particle in a crossflow microfiltration system. 
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2732 HWANG, YU, AND LU 

the surface of Particle B. The shortest distance between the particles is 
assumed to be two times the thickness of the Stern layer due to its compact 
matter (16). In such a situation the migration of particles is determined 
by the external forces and the friction between particles. The analyses 
proposed by the authors (7) can be employed to determine the stability 
of Particle A. If the frictional angle is smaller than its critical value, the 
friction between particles is large enough to cause the particle to stick 
stably on the contact point; otherwise, Particle A will reenter the bulk 
flow of suspension. 

Drag Force Smaller Than Interparticle Force 

If the maximum repulsive force between particles is larger than the net 
force of other forces in the same direction, there will exist an equilibrium 
of separate distances between particles. The particles cannot actually 
come into contact with each other, and there is no net force acting in the 
direction parallel to the connecting line between the two gravity centers 
of the particles. For this case, if FI is not equal to zero, Particle A will still 
migrate due to the lubricant effect of the double layer, and the direction of 
particle migration will be according to the direction of F1. When the value 
of F1 is positive (the direction shown in Fig. 2), Particle A will leave the 
original position and reenter the bulk flow of suspension. When the value 
of F1 is negative, Particle A will move into the pore of the filter cake until 
it simultaneously touches more than one particle. 

When a transported particle has arrived at the membrane or cake sur- 
face, whether it can deposit to form a cake or reenter the bulk flow of 
suspension should be recorded in order to obtain the probability of particle 
deposition. 

Simulation Procedures 

The time increment used should be larger than the momentum relaxation 
time, m,/3.rrpdP (16); however, it must be small enough to neglect the 
variations of external forces in each time interval. Thus, a time increment 
equal to 1 x 

The instantaneous number of generated particles was determined by 
the particle balance for the slurry arriving at the cake surface, and the 
initial coordinations of particles were determined by a numerical generator 
with a random distribution function. 

According to the simulation procedures described in the previous sec- 
tions, the migration and deposition of particles could be simulated by a 
similar scheme of Lu et al. (12). After a period of simulation, the filter 
cake was divided into several layers to estimate the local and average 
porosity of the cake (12). 

s was chosen in this study. 
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EXPERIMENTAL 

Figure 3 shows the schematic diagram of the crossflow microfiltration 
system. A two-parallel-plate crossflow filter with a filter channel of 4.5 
x lop4 m height, 6.3 x m width was 
used to carry out the experiments. Thus the filtration area was 4.6 x 
m2. Three uniform-sized PMMA (polymethyl methacrylate) particles with 
diameters of 0.25, 0.4, and 0.8 km, respectively, and with a density of 
1210 kg/m3 were suspended in deionized water at 20°C to prepare the 
suspensions. The pH value of the suspension was 5.5, and the zeta poten- 
tial of the particles was -25.0 mV. The friction coefficient between 
PMMA particles in water was measured as 0.77. The crossflow velocities 
used had a range of 0.2-0.6 d s .  As a result, the Reynolds number of the 
suspension flow ranged from 100 to 500. The filter membrane was made 
of polyvinylidene fluoride (PVDF) with an average pore diameter of 0.2 
p,m, and its filtration resistance was 1.12 x 10" m-l. 

In each experiment the crossflow velocity and the filtration pressure 
were adjusted to the setting value by the control valves. The temperature 
was kept at 20°C by using a water bath. The filtration rate was detected 
by a load cell and recorded on a personal computer. The concentrate was 
recycled back to the suspension tank, and deionized water was added 
continuously into the tank to keep the concentration constant. 

m length, and 7.3 x 

r 

m .  4 

i 
Rotameter J 

Cross-Flow Mmfiker 

I 
Filtrate 

vaive 

water bath PWP Load cell PC 

FIG. 3 A schematic diagram of crossflow microfiltration system. 
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RESULTS AND DISCUSSION 

Particle Trajectories 

HWANG, YU, AND LU 

Figures 4-7 show examples of the simulated trajectories of submicron 
particles with different sizes under different conditions. The value of Lf 
is set to 0.1 m for these simulation. All of the original locations of particles 
are set at the same point (i.e., x = lop5 m, y = lo-"  m) except in Fig. 
4. Figure 4 depicts the trajectories of submicron particles with a diameter 
of 0.4 Fm for three different inlet heights. The results shown in the figure 
demonstrate that only those particles whose inlet heights are very near 
the filter membrane have opportunities to arrive at the membrane surface. 
Since the order of magnitude of the filtration rate is far smaller than that 
of the crossflow velocity, the filtration rate has no significant impact on 
the trajectories of most particles far from the membrane in the filter. From 
Figs. 5 and 6 it can be noticed that more Brownian motions of particles 
can be observed for a slower flow rate of filtrate or crossflow velocity of 
suspension. A decreasing crossflow velocity or an increasing filtration 
rate will increase the migrating distance in the x-direction of particles 
before they arrive at the membrane surface, which implies that the inlet 
particles have more opportunities to arrive at the membrane surface under 
those conditions. Figure 7 shows how the particle size affects the migra- 
tion of particles. It can be found that the smaller the particle is, the more 
intense the random walk of the particle will be. Moreover, the distance 

- 
v 

P) 

0, 

F 
X 

z 

FIG. 4 

6 dp=4xl0 m 

1 .o 1.5 2.0 2.5 3.0 

~ L , X  I 0 (-1 

Trajectories of submicron particles with different inlet heights. 
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2.0 

1.6 

1.2 

0.8 

0.4 

dp O.4X1O6 in 

-. . 

10 20 30 

xlu l o 5 ( - )  

FIG. 5 Trajectories of submicron particles under various filtration rates. 

in which the smaller particle migrates in the x-direction is shorter. This fact 
implies that the value of y b  would be larger for filtering smaller particles. 

Transported Flux of Particles Arriving 
at Membrane Surface 

Figure 8 shows the transported flux of particles arriving at the mem- 
brane surface, N b ,  under -various filtration rates for three 

2.0 

1.6 

1.2 

0.8 

0.4 

different 

-. . 

1 2 3 4 5 

x u  lo5(  - 
FIG. 6 Trajectories of submicron particles under various crossflow velocities. 
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h 

Y 

m z 
x 

F, 

20 

1 .s 

1.2 

0.8 

0.4 I I I I 

0.8 1 .o 1.2 1.4 1.6 

w X 1 o 5  ( - )  

FIG. 7 Effect of particle size on the trajectory of submicron particles. 

C,=5 k AmJ 
dP=4x18 m 
(=-25 mV 
- u.=O.6 m/s 
- - u,=0.4 m/s 
_ _ _ _ _  u,=O.2 m/s 

0 5 10 15 20 
q x 10’ (m3/m2s) 

FIG. 8 Effect of filtration rate on the transported flux. 
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crossflow velocities. The values of N b  are calculated by using Eq. (24). 
Since particles are easily transported to the membrane surface under a 
smaller crossflow velocity or a larger filtration rate (see Figs. 5 and 6), 
one can notice from the figure that Nb increases with an increase of the 
filtration rate. However, for a given value of q, the effect of ux on the 
value of Nb is not significant. For a large q,  the smaller the value of u,, 
the larger the amount of Nb will be because a smaller ux will result in a 
larger value of Yb.  That is, Nb may increase with a decrease of u,. How- 
ever, this tendency is reversed under a small value of q. This may be 
because a larger amount of particles is transported in the x-direction for 
a larger value of u,. 

Figure 9 illustrates the effect of particle diameter on the value of N b .  
For a given operating condition, the value of N b  will decrease with an 
increase of particle diameter. This can be expected since the Brownian 
motion of smaller particles will result in a larger value of yb. Furthermore, 
since an increase of ux will decrease the value of Y b ,  the value of Nb will 
decrease accordingly. 

- 
Co= 5 kg/rq' 

- q = l x l O  r n / r n 2 s  
(=-25 mV 
_ _ _ _ _  u,=O.2 m/s 
- - u.=O.4 m/s - +., - u,=O.6 m/s 

- 

T., - 

- \- <-. <-- - <-- <-- <--. 
- 

- 
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Probability of Particle Deposition 

Figure 10 illustrates how the operating conditions affect the probability 
of particle deposition. This figure shows that the probability will increase 
with an increase of filtration rate or a decrease of crossflow velocity. 
These results are the same as those of previous research studies (5-7),  
perhaps because the ratio of F d y  to F d x  will increase under those condi- 
tions. It can be found that P attains 100% as q > 7 x lop5 m3/m2s under 
ux = 0.2 m/s, which means that particles arriving at the membrane surface 
can deposit immediately. 

The effect of particle diameter on the probability of particle deposition 
is shown in Fig. 11. For a given value of 5 ,  the value of P will decrease 
with an increase of particle diameter. This result is the same as those of 
previous research efforts (5-7) and implies that a smaller particle will 
remain more stably on the membrane surface than will a larger one. 

Figure 12 shows the effect of particle zeta potential on the probability 
of particle deposition. Since the amount of frictional drag is larger than 
that of interparticle force under most operating conditions in this study, 
the depositing particles can come into contact with each other. It can be 
expected that the friction between particles will play a major role in parti- 
cle deposition. From this figure it can be found that the value of P will 
increase with an increase of zeta potential. This is because a larger value 
of 5 will result in a larger repulsive force between particles, which causes 
the friction between particles to decrease. For the case of idx = 0.2 m/s, 
the value of P is equal to 100% within the range of 5 = -20 to -60 mV. 

100 

80 

40 

I I I I I 
0.0 0.2 0.4 0.6 0.8 1 .o 

q 10 ( m l m s )  
4 3 2  

FIG. 10 Effect of filtration rate on the probability of particle deposition. 
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100 

90 

80 

70 s 
ir60 

50 

40 

30 I I I I 

0.2 0.4 0.6 0.8 1 .o 

dp x lo6 ( m )  
FIG. I 1  Effect of particle diameter on the probability of particle deposition. 

Packing Structure of Particles on Membrane 

Figure 13 shows the packing structures of particles on the membrane 
surface for a given filtration rate under various crossflow velocities. It 
can be found that particles are packed with an angle with respect to the 
direction of filtration due to the tangential flow of suspension. However, 
this phenomenon is not as obvious as that in crossflow filtration of micron 

100 ' - us=0.2m/s 

20 30 50 60 

- 6  (mV) 
FIG. 12 Effect of zeta potential on the probability of particle deposition. 
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Suspension flow 
P 

filtrate flow 

FIG. 13 
crossflow velocities at q = 1.0 x 

Packing structures of submicron particles on the membrane surface under various 
m3/m2.s (a) ux = 0.4 m/s; (b) ux = 0.2 m/s; 

(c) uX = 0.1 m/s. 

particles (7) because of the existence of Brownian motion of submicron 
particles. Since a decrease of crossflow velocity will increase the opportu- 
nities for particles to stick on or roll down within the cake, a more compact 
cake was constructed as shown in the figure. 

Another comparison of particle packing is shown in Fig. 14. For a given 
velocity of crossflow, a larger filtration rate will increase the stability of 
prrlticles staying on the membrane surface. As a result, a more compact 
structure will be packed under a larger filtration rate. 

Porosity of Cake 

Figure I5 illustrates how the crossflow velocity affects the porosity on 
the cake surface. The regressed line shows that the packing porosity will 
increase with an increase of the crossflow velocity of suspension. This is 
the same as in crossflow filtration of micron particles (7). Past research 
has shown that increasing the crossflow velocity results in the formation 
of a finer and higher specific-resistance cake when polydispersed particles 
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Sumension flow 

2741 

filtrate flow 

FIG. 14 Packing structures of submicron particles on the membrane surface under various 
filtration rates at ux = 0.2 m/s. (a) 4 = 2.0 x m3/m2.s; (b) 9 = 1.0 x lo-‘ m3/m’.s; 

(c) 9 = 0.5 x m3/m’.s. 

0.8 

h 

I - 0.7 
hi 

I I I 

0.8 
0.6 
0 0.2 0.4 0.6 

(nJs) 
FIG. I5 Simulated packing porosity of particles under various crossflow velocities. 
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are filtered, e.g., Lu and Ju (6). However, the effect of cake porosity, 
another important factor, on filtration resistance is rarely discussed. Fig- 
ure 15 shows that the porosity of a cake may vary with the crossflow 
velocity even if uniform-sized particles are filtered. 

Figure 16 illustrates the effect of the filtration rate on cake porosity. 
Since a higher filtration rate will cause the depositing particles to more 
easily roll down within the filter cake toward the membrane, the packing 
porosity will decrease with an increase of filtration rate. 

Figure 17 is a plot of ei vs d p .  Since the Brownian motion is more 
significant, the separation distance between neighboring particles in the 
cake is larger, and the critical angle of friction is smaller (7) for smaller 
particles, so a looser packing will be constructed (12). Thus, the value of 
E~ will decrease with an increase of d,, as shown in the figure. 

In order to demonstrate the reliability of the proposed theory, crossflow 
microfiltrations were carried out to obtain the filtration rate at the initial 
period of filtration. A comparison between the predicted results and the 
experimental data is summarized in Table 1 .  From the results shown, 
there is agreement between the calculated results and the experimental 
data except for the case of run number 4. Since the size of particles used 
is larger in this case, the lower specific filtration resistance and the higher 
filtration rate may result in a further compression of the cake at the begin- 
ning of filtration. As a result, the experimental filtration rate is smaller 
than the predicted value. However, the deviations between predictions 
and experimental data of the filtration rate are less than 10%. 

FIG. 16 Simulated packing porosity of particles under various filtration rates. 
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0.9 

us =0.2 m/s 
< = - 2 5  mV 

0.7 

h 

I 

W 

v 
.- 

0.6 I I I I I 

0 0.2 0.4 0.6 0.8 1 

dpx lo6( m)  
FlG. 17 Effect of particle size on simulated packing porosity of particles. 

TABLE I 
A Comparison of Initial Filtration Rate of Crossflow Microfiltration between the 

Calculated Results and the Experimental Data (CO = 5 kg/m3, A P  = 4 x lo4 N/m*, 
T = 20”C, 5 = -25 mV, R ,  = 1.12 x 10’Om-’) 

Run number 

1 2 3 4 5 

0.6 
4 
3.04 

20 
6.08 
0.63 
1.37 
4.23 
A I ?  

0.4 
4 
4.27 

15 
6.41 
0.63 
1.34 
4.12 
A 7 1  

0.2 
4 
5.87 

10 
5.87 
0.62 
1.51 
4.03 
A IC 

0.6 
8 
2.98 

20 
5.96 
0.53 
0.71 
7.47 

0.6 
2.5 
3.1 

6.2 
0.66 
2.77 
2.19 

20 

Deviation (%)e 2.67 - 2.6 -2.89 9.53 -5.6 

Calculated by the proposed theory. 

180(1 - E) 
Qav = 

Prd2,E3 . 

Measured by experiments. 

Deviation (%) = 4cal - X 100%. 
4 e x p  
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CONCLUSIONS 

The Langevin equation has been adopted to trace the loci of submicron 
particles in laminar crossflow microfiltration. The effects of operating con- 
ditions on the particle trajectories have been discussed. It has been found 
that the Brownian motion of particles plays a more important role on 
particle migration under a smaller crossflow velocity of suspension or a 
smaller filtration rate. The estimated values of transported flux of particles 
arriving at the membrane surface increase with an increase of filtration 
rate and with a decrease of particle diameter; however, the crossflow 
velocity has no significant effect on the transported flux. The forces ex- 
erted on particles have been analyzed to estimate the probability of parti- 
cle deposition on the membrane surface. The probability of particle depo- 
sition increases with an increase of the filtration rate, with a decrease of 
the crossflow velocity, with a decrease of the particle diameter, and with 
an increase of the zeta potential of particles. The packing structures of 
particles on the membrane surface at the initial stage of filtration have 
also been simulated. The porosity of the cake increases with an increase 
of the crossflow velocity, with a decrease of the filtration rate, and with 
a decrease of the particle diameter. The deviation between the calculated 
and experimental data of filtration rate at the initial period of filtration is 
less than 10% when the Reynolds number of the suspension flow is be- 
tween 100 and 500. 
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NOTATIONS 

radius of particle (m) 
Hamaker constant (-1 
Brownian random force per unit mass (m/s2) 
constant in Eq. (9) (-) 
concentration of suspension (kg/m’) 
shortest distance between two particle surfaces (m) 
diameter of particles (m) 
absolute permittivity of free space (C’.J- 
dielectric constant of the fluid between particles (-) 
the component of the net force exerted on particle A whose 
direction is vertical to the connecting line between the two grav- 
ity centers of Particles A and B (N) 

I )  
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the component of the net force exerted on particle A whose 
direction is parallel to the connecting line between the two grav- 
ity centers of Particles A and B (N) 
Brownian force (N) 
frictional drag due to fluid flow (N) 
electrostatic force (N) 
gravity force (N) 
interparticle force (N) 
inertial lift force (N) 
van der Waals force (N) 
acceleration due to gravity (m/s2) 
clearance of a filter (m) 
length of a filter (m) 
mass of a particle (kg) 
transported flux of particles (kg/m2.s) 
probability of particle deposition (%) 
filtration pressure (N/m2) 
quasi-stationary filtration rate (m3/m2.s) 
particle position vector (m) 
the integration defined in Eq. (19) (-) 
the integration defined in Eq. (20) (-) 
filtration resistance of the filter membrane (m-l)  

filtration time (s) 
velocity of fluid (m/s) 
average velocity of suspension at the inlet of a filter ( d s )  
repulsive energy (J) 
van der Waals potential (J) 
velocity of particle (m/s) 
lift velocity of particle (m/s) 
mass of cake per unit area (kg/m2) 
coordinate whose direction is parallel to the tangential flow of 
suspension (m) 
coordinate whose direction is vertical to the tangential flow of 
suspension (m) 
the y-coordinate of entering particles below which particles can 
be transported as they arrive at the membrane surface (m) 

Greek Letters 

(Y specific filtration resistance (m/kg) 
E porosity of cake (--) 
0 
K 

wall correction factor of Stokes’ law (-) 
reciprocal of the thickness of the double layer (m- l )  
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A characteristic wavelength (m) 
P viscosity of fluid (kg/s.m) 
1, 

P density (kg/m3) 
Yo Stern potential (V) 
T W  

5 

kinematic viscosity of fluid (m2/s) 

shear stress at wall of filter (N/m2) 
zeta potential of particles (V) 

Subscripts 

0 initial condition 
av 
I 

S solid 
X in the x-direction 
Y in the y-direction 

average value of the properties for a filter cake 
properties at the cake surface 

Superscript 
* dimensionless group 
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